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In this work, we explore the space of quantum states composed of N particles. To investigate the
entanglement resistant to particles loss, we introduce the notion of m-resistant states. A quantum
state ism-resistant if it remains entangled after losing an arbitrary subset of m particles, but becomes
separable after losing a number of particles larger than m. We establish an analogy to the problem
of designing a topological link consisting of N rings such that, after cutting any (m + 1) of them,
the remaining rings become disconnected. We present a constructive solution to this problem,
which allows us to exhibit several distinguished N-particles states with the desired property of
entanglement resistance to a particle loss.
I. INTRODUCTION
Entanglement is one of the most fundamental resources
for quantum technologies. It is the pillar stone of dense
coding, quantum teleportation, quantum key distribution
[1], error correcting codes [2] and quantum computation
[3, 4]. Therefore various aspects of quantum entangle-
ment were investigated [5] and different methods for its
experimental detection were proposed [6, 7].
After more than two decades of intensive research, it
is fair to say that entanglement in bipartite systems is
already well understood and quantified [5]. On the other
hand, entanglement in the multipartite set-up is much
more complex and intricate. In particular, the topic
of characterizing, classifying and quantifying the entan-
glement of many-particle systems has proven to be an
extremely rich subject and is still an active field of re-
search [8]. Already for three or more subsystems there is
no unique way to quantify entanglement as different en-
tanglement measures induce different orderings and are
maximized by different states [10, 11]. For instance, the
three–qubit state |GHZ〉 = (|000〉+|111〉)/√2 is the most
entangled with respect to an important three-party en-
tanglement measure called three-tangle [12], while the
state |W〉 = (|100〉 + |010〉 + |001〉)/√3 maximizes the
average entanglement contained in two party reductions.
Therefore, it is reasonable to characterize entangle-
ment depending on the applications considered. A pos-
sible example of such a classification comes through
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Stochastic Local Operations assisted with Classical Com-
munications (SLOCC). In this approach [9], one consid-
ers two states to be equivalent if they can be obtained
from one another with some finite probability using only
local operations assisted with classical communications.
States belonging in the same SLOCC class may then
be used to perform the same protocols, which motivates
this very scheme of classification. However, although for
three qubits all SLOCC classes have been worked out
[10], already for four qubits there are infinitely many
such classes [13]. It is thus necessary to focus on different
traits of quantum states in order to find alternative finite
classification schemes.
Many useful and complementary features of quantum
entanglement were developed in recent years, shedding
light into different aspects of multipartite entanglement.
Some approaches proposed for two subsystems can be
directly generalized for a larger number of parties. For
instance, the robustness of entanglement, originally de-
fined for bipartite systems [14] as the minimal amount
of mixing with separable states needed to wipe out the
entanglement, can be directly applied for multipartite
systems.
Starting from the notion of the Bell state one can pro-
ceed to the multipartite domain by analyzing, how a
given multipartite state is affected if some parts of it are
altered or ignored. Such a procedure leads to the concept
of Absolutely Maximally Entangled (AME) states, which
are maximally entangled with respect to all possible bi-
partitions of the system [15, 16]. The AME states are
particularly relevant for multipartite teleportation and
quantum secret sharing [17] and for construction of quan-
tum error correction codes [18].
2A natural generalization of AME states are the so
called k-uniform states, whereby the partial tracing of
any subsystems down to k qudits will result in a max-
imally mixed state [19, 20]. Such states can be con-
structed with help of combinatorial tools like orthogonal
arrays [21], which allow for a coarse-grained classifica-
tion of multipartite entanglement [22]. Another related
measure, called the persistence of entanglement [23], is
defined by the minimal number of local measurements
such that the state becomes completely disentangled for
any measurement outcome. This property provides a
somewhat intuitive notion of entanglement strength, by
looking into the minimal requirements to destroy it com-
pletely.
A similar idea was used first by Aravind [24], who pro-
posed to relate some N -partite quantum states with a
link composed of N closed rings. After any measurement
performed on any subsystem of the state |GHZ〉 the re-
maining bipartite state becomes separable. Thus this
state can be associated with a particular configuration of
three rings, called Borromean rings – see Fig. 2, distin-
guished by the fact that if one ring is cut, the remaining
two become disconnected. Usage of other tools borrowed
from knot theory to analyze multipartite entanglement
was further advocated in [25, 26]. In fact, Borromean
rings and their generalizations interacted with various
branches of physics, being both an inspiration and a trig-
ger of their development [27].
An alternative interpretation of cutting the rings was
proposed by Sugita [28], who suggested associating in-
dividual subsystems with rings, entangled states with
linked rings, and the partial trace over a given subsys-
tem with the act of cutting and removing the associated
ring. In such a way, the physical process correspond-
ing to cutting the ring does not depend on the outcomes
of a measurement and is defined uniquely [29]. Such an
analogy between quantum entanglement and linked rings,
used later in [30], will be further explored here.
The aim of this work is to refine the classification
of multipartite entanglement by introducing the notion
of m-resistant states. Entanglement of these N -partite
states is preserved even if any m subsystems are traced
away, while removing any further subsystem makes the
state of the remaining N −m− 1 subsystems completely
separable. Despite sharing the spirit of looking into what
happens when certain parts of a state are ignored, as for
AME states and k-uniform states, the above definition
does not impose the restriction of maximal entanglement,
which consequently increases the complexity of the prob-
lem.
On the other hand, this approach shares attributes
with persistence and robustness of entanglement, in that
it measures how the entanglement of a given state resists
ignoring a certain number of non–accessible subsystems,
which corresponds to taking the partial trace over them.
This process is not as invasive as performing local mea-
surements on selected subsystems or mixing the analyzed
state with locally prepared separable states.
Making use of the analogy between entangled states
and linked rings [28] we investigate first a topological
question of linking N closed rings in such a way that
after cutting any m of them the remaining rings are con-
nected, whereas cutting any additional ring separates the
remaining rings. This problem is solved for any numbers
N and m with use of algebraic techniques developed in
[30] which allow one to associate to any link of N rings
with a polynomial of N variables. A formalism developed
for the study of the links can be used not only to gain
new intuition and pictorial visualization of the entangle-
ment involved, but also to find representative states for
each class of m-resistant quantum states, in a way which
bypasses a great deal of algebra.
This work is organized as follows. In Section II the
topological notion of m-resistant link of N rings is intro-
duced while the analogy to multipartite quantum entan-
glement resistant to a loss of a subsystem is presented in
Sec. III. Exemplary constructions of m-resistant states
of three and four qubits are provided in Section IV. In
the case of pure states symmetric with respect to per-
mutation of subsystems it is useful to use the stellar
representation of Majorana [31–33]. The search for m-
resistant states ofN subsystems of local dimension d each
is discussed in Section V, while the last Section presents
concluding remarks and lists some open questions. In
Appendix we list exemplary quantum states obtained
with use of the combinatorial notion of orthogonal ar-
rays and prove a topological proposition on existence of
m-resistant links of N rings.
II. M-RESISTANT LINKS
The question in how many different ways one may link
any N rings has been addressed in [30]. We ignore (or
cut) each subset of rings and ask whether the remaining
link is connected. We do not take into account other
superfluous details of the link. In this sense, two rings
can only be connected in one way because they are either
connected or not, while from a knot theory perspective
this could be done in infinitely many different ways.
To formalize the above idea, a particular configura-
tion of any number of linked rings is characterized by a
polynomial, denoted as P . The construction of this poly-
nomial starts by associating a variable to each ring and
then interpreting the product between variables to be
equivalent to the associated rings being linked. Taking a
variable to 0 is then interpreted as cutting or ignoring the
associated ring. Thus, a given link can be characterized
by the remaining links produced from all possible cuts.
As an example, consider the polynomial
P(33) = ab+ bc . (1)
We use the notation ni, introduced in [30], where n is
the number of rings and i is a cataloging index denoting
the specific link class. Eq. (1) implies that the ring a is
linked to the ring b, which is also linked with the ring c,
3while the rings a and c are not directly connected. This
can be seen by ignoring the ring a, i.e. taking a = 0,
which leaves us with bc, meaning the two rings b and c
are still linked. The same thing happens when the ring
c is ignored, which leaves the term ab, implying that the
rings a and b remain connected. The link associated with
this configuration is represented in Fig. 1.
Figure 1: An element of the link class 33, classified by
the polynomial ab+ bc, given in (1).
This line of interpretation naturally induces a set of
rules for the construction of valid polynomials, which are
summarized as follows:
1) There must not be any repeated terms, i.e. no ring
variable can have a power greater than 1 (e.g. aab
is the same as ab);
2) Each ring variable must appear at least once;
3) There must not be first order terms (i.e. we want
any ring to be linked with at least another one);
4) Relabeling of variables is irrelevant;
5) An n-variable monomial M is irrelevant if all of
its variables are already present as an n-ring link
of lesser order monomials, built only with the vari-
ables ofM (e.g. abc+ac+ab gives the same results
as ac + ab after each variable is taken to 0, so we
keep only ac+ ab).
These rules for polynomial construction can then be used
to count the number of distinct ways to link a given num-
ber of rings. For N = 2, 3, 4 and 5 rings, there are
respectively 1, 4, 40 and 6900 ways to form a link [30],
while for an arbitrary N the corresponding number has
not been found yet.
A particularly interesting subclass of links withN rings
is one where all rings remain connected after any m <
N cuts, but become fully separated if m + 1 cuts are
performed. Links with this property will be called m-
resistant, since they resist up to m cuts before becoming
fully disconnected. Clearly, 0 ≤ m < N − 2, since a
link may not resist any cut or it may resist up to N − 2,
in which case we are left with a link of two rings that
evidently will not resist any other additional cut.
The problem of finding how many m-resistant links of
N rings exist is straightforward to solve. There must al-
ways be exactly m+1 cuts until the link is separated, i.e.
until the associated polynomial becomes 0, and it does
not matter which rings are chosen to be cut. This imme-
diately implies that the polynomial must be the sum of
all possible N −m letter terms. For N rings, there will
be N − 1 classes of different resistances.
III. LINKS AND QUANTUM STATES
Picking up from the previous section, an analogy can
now be made by identifying a ring to a particle and at-
tributing the act of ignoring a ring to the operation of
tracing out the particle [28], as if that subsystem has not
been detected. Linked rings are then associated with en-
tangled particles, while separated rings represent separa-
ble particles. Distinct links thus represent distinct entan-
glement classes. Since the trace is used as the connecting
ingredient, the entire analogy is basis independent. In
addition, since the partial trace is defined for arbitrary
Hilbert spaces, we may consider composite quantum sys-
tems of any dimensionality. In this paper, we start work-
ing with N -qubit systems, but in Section V we discuss
also systems with a larger local dimension d.
The “link - quantum entanglement” analogy goes both
ways: one may find the link class associated with a cer-
tain state, or; one may look for a state possessing the
entanglement properties of a specific link. The former
problem is straightforward to answer: one adds a term
with k variables to the polynomial whenever the subsys-
tem with the associated k particles is entangled. The
latter problem, as we shall show, is much more intricate
but can usually be solved using maps between polynomi-
als and quantum states.
The notion of m-resistant links of N rings introduced
in the previous section naturally motivates to distinguish
the following class of entangled quantum states of N
subsystems.
Definition: (m-resistance) An entangled state of N
parties is called m-resistant if:
• It remains entangled as any m of its N subsystems
are traced away;
• It becomes separable if a partial trace is performed
over an arbitrary set of m+ 1 subsystems.
The first nontrivial example of m-resistance arises for
N = 3, which is simple enough to study on intuitive
grounds. The case m = 0 is exemplified by the GHZ
state [10–12]
|GHZ〉 = 1√
2
(|000〉+ |111〉) , (2)
since tracing out any party will result in a separable den-
sity matrix. The corresponding link has the properties of
the well-know Borromean link, depicted in Fig. 2. This
link is constructed in such a way that, if any ring is cut,
the remaining two rings become separated. We denote
the associated link class by 31, and the polynomial that
characterizes it is given by
P(31) = abc . (3)
For N rings, the generalization is called Brunnian link,
with general polynomial
P(N1) = abcd · · · , (4)
4Figure 2: The Borromean link, an example of a
0-resistant link of 3 rings, classified by the polynomial
abc and given in Eq. (3).
so if a single variable is set to zero, the polynomial van-
ishes.
The case m = 1 has different properties, since if any
party is ignored the remaining two parts are still con-
nected. From the point of view of quantum entanglement
a three-qubit state, called |W〉 [10],
|W〉 = 1√
3
(|100〉+ |010〉+ |001〉) (5)
possesses this property, since partial trace over any of its
subsystems will result in an entangled mixed state. A
link which mimics this property is represented in Fig. 3.
The polynomial which describes this link is symmetric,
Figure 3: An example of a 1-resistant link of 3 rings,
classified by the polynomial ab+ ac+ bc, given in
Eq. (6).
P(34) = ab+ ac+ bc , (6)
and the generalization to any number of rings is given by
the sum of all two-variable terms.
IV. IN SEARCH FOR M-RESISTANT STATES
OF N QUBITS
The problem of finding m-resistant states for a general
number N of qubits is not trivial. Since we are only inter-
ested in whether a reduced state is entangled or not, for
any partial trace, it is clear that at least these states can
be symmetric regarding exchanges of subsystems. This is
not strictly necessary, as symmetry under qubit permu-
tation is not invariant under local operations, but it does
provide one possible direction. However, the requirement
of separability, or lack of it, is not simple to achieve using
any standard algebraic techniques.
In this section we will demonstrate how the analogy
between links of rings and entangled quantum states may
be used in order to find representative mixed states for
all m-resistant cases up to N = 7. For pure states the
problem has not been fully solved yet but nevertheless
we will present a few examples as well as some geometric
intuition behind them.
A. A general rule for mixed qubit states
The fundamental aspect of the analogy between links
of rings and entangled states is that one can solve cer-
tain entanglement problems using the polynomials that
characterize the links, and apply a map converting poly-
nomials into quantum states. As we show below, this
heuristic reasoning proves to be useful to identify inter-
esting examples of quantum states resistant to loss of
subsystems.
The method to obtain m-resistant mixed states of N
qubits starts from the polynomial of N variables that
characterizes the corresponding m-resistant links and
consists of J terms. For each term ti of the polynomial,
we associate a state |ti〉 ∈ H⊗N2 ⊗Hd of the form
|ti〉 = |φent〉 |φsep〉 |χD〉 , (7)
where |φsep〉 stands for a separable state of m qubits,
while |φent〉 denotes an entangled state of the remaining
N −m qubits. An additional state, |χD〉 of a single sys-
tem D with d levels, plays an auxiliary role, as it will
be traced over. An unnormalized superposition state,
|ψN ,m〉 =
∑J
i=1 |ti〉, allows us to generate the resulting
mixed state ρˆ(N,m) of N qubits by partial trace over the
d-dimensional environment,
ρˆ(N,m) =
trD [|ψN,m〉 〈ψN,m|]√〈ψN,m|ψN,m〉 . (8)
To form an m-resistant state we choose the separable m-
partite state |φsep〉 in (7) to be |0 . . . 0〉, the extra qudit
will assume the index value of the current term, and the
entangled part |φent〉 will have the form
|Em〉ijk... = (m+ 1) |0 . . . 0〉ijk... + |1 . . . 1〉ijk... , (9)
where ijk . . . are the variables appearing explicitly in the
corresponding term of the polynomial. Note that for any
m > 0 the above superposition is not symmetric, while
for m = 0 the state |E0〉ijk denotes just the standard
|GHZ〉 state (2) among subsystems labeled by indices i, j
and k.
5Putting the above recipe into practice, we have ob-
tained m-resistant representative mixed states for all m
for the cases N = 3 up to 7. In order to test for en-
tanglement/separability of the reduced density matrices
after each partial trace, we used a code available in [34]
which looks iteratively for the nearest separable state and
its decomposition into pure product states, returning the
distance from the target matrix.
1. N=3
Although representative pure states have already been
provided in the previous section for N = 3, we show here
an alternative answer in terms of mixed states. They are
of the general form
ρˆ(3,m) =
trD [|ψ3,m〉 〈ψ3,m|]√〈ψ3,m|ψ3,m〉 , (10)
with |ψ3,m〉 specified case by case.
For m = 0, we have a state with the entanglement
properties under partial trace represented in the link of
Fig. 2. Its polynomial given by Eq. (3) has a single term
only, which leads to the product state
|ψ3,0〉 = |E0〉abc |0〉d . (11)
Hence the resulting state (8) obtained by partial trace
is pure, and it is shown merely for completeness. The
remaining case m = 1 is depicted in Fig. 3 and is charac-
terized by the polynomial of Eq. (6). As such, we are lead
to the following superposition of three states, entangled
with respect to different splittings,
|ψ3,1〉 = |E1〉ab |0〉c |0〉d+|E1〉ac |0〉b |1〉d+|E1〉bc |0〉a |2〉d .
(12)
2. N = 4
Using exactly the same procedure of N = 3, we ob-
tain representative m-resistant mixed states for N = 4,
written in general as
ρˆ(4,m) =
tre [|ψ4,m〉 〈ψ4,m|]√〈ψ4,m|ψ4,m〉 , (13)
with |ψ4,m〉 specified case by case. It is also worth men-
tioning that the links for more than three rings have been
drawn using a technique developed in [30] that makes di-
rect use of the polynomials associated with them.
For m = 0, the corresponding monomial reads
P(41) = abcd (14)
so the state associated with the link shown in Fig. 4 has
the product structure,
|ψ4,0〉 = |E0〉abcd |0〉e . (15)
Figure 4: An example of a 0-resistant link of 4 rings,
which is a 4-component Brunnian link, corresponding to
the polynomial abcd – see Eq. (14). Notice that after
cutting a single ring all three remaining rings become
disconnected.
The case m = 1 is associated with the polynomial
P = abc+ abd+ acd+ bcd (16)
which leads to the link of Fig. 5. The polynomial (16) is
Figure 5: An example of a 1-resistant link of 4 rings,
classified by the polynomial abc+ abd+ acd+ bcd, given
in Eq. (16). After cutting any single ring one arrives at
the Borromean link.
then mapped into the mixed state with
|ψ4,1〉 = |E1〉abc |0〉d |0〉e + . . .+ |E1〉bcd |0〉a |3〉e (17)
where the . . . entail all the other states associated with
the remaining terms of the polynomial. Finally, the case
m = 2 is described by
P = ab+ ac+ ad+ bc+ bd+ cd , (18)
whose associated link class can be represented by the
link of Fig. 6. The corresponding mixed state is readily
obtained from
|ψ4,2〉 = |E1〉ab |00〉d |0〉e + . . .+ |E1〉cd |00〉ab |5〉e . (19)
3. N = 5
The case of N = 5 can be analyzed in analogy to the
previous cases. The general m-resistant mixed state will
6Figure 6: An example of a 2-resistant link of 4 rings,
classified by the polynomial ab+ ac+ ad+ bc+ bd+ cd,
given in Eq. (18). After cutting any two rings the
remaining two are still connected.
be written as
ρˆ(5,m) =
trf [|ψ5,m〉 〈ψ5,m|]√〈ψ5,m|ψ5,m〉 , (20)
with |ψ5,m〉 specified case by case. For m = 0 we have
P = abcde (21)
so the respective state will be
|ψ5,0〉 = |E0〉abcde |0〉f . (22)
For m = 1, we have
P = abcd+ . . .+ bcde (23)
which gives rise to the mixed state obtain from
|ψ5,1〉 = |E1〉abcd |0〉e |0〉f + . . .+ |E1〉bcde |0〉a |4〉f . (24)
For m = 2, the polynomial is
P = abc+ . . .+ cde , (25)
which is mapped into the state
|ψ5,2〉 = |E2〉abc |00〉de |0〉f + . . .+ |E2〉cde |00〉ab |9〉f .
(26)
Finally, for m = 3, we have
P = ab+ . . .+ de , (27)
which gives the state
|ψ5,3〉 = |E3〉ab |000〉cde |0〉f + . . .+ |E3〉de |00〉abc |9〉f .
(28)
4. N > 5
Taking into account the examples presented in the pre-
vious sections, it becomes tentative to conjecture the fol-
lowing statement. Let Sp−q be the set containing all
subsets of p letters with p− q elements, and let Bp be the
set with all p letters. If N and m are positive integers,
with N > m, then the mixed state
ρˆ(N,m) =
trΛ [|ψN,m〉 〈ψN,m|]√〈ψN,m|ψN,m〉 (29)
with
|ψN,m〉 =
∑
gi∈SN−m
|Em〉gi |0 . . . 0〉BN\gi |i〉Λ (30)
is an m-resistant state of N qubits. This result has been
checked for N up to 7. For a larger number of qubits
the size of the system grows as 2N so the computing
time required to investigate separability of reduced den-
sity matrices increases accordingly. Therefore studies of
systems with a larger number of qubits, although possi-
ble, becomes impracticable.
Regarding the representation of links with more than
6 rings, it becomes less elucidating, so we will refrain
from providing them in those cases. Nevertheless, using
the respective polynomials, it is a straightforward task
to draw these links.
B. Pure qubit states
Unlike the case with mixed states, identification of a
pure state of the N -qubit system associated with a given
m-resistant link of N rings is more intricate, if at all pos-
sible. We will provide here some partial answers follow-
ing two different approaches: one which makes use of the
polynomial formalism for links; and another one based on
the Majorana representation [31, 32] of symmetric states
of several qubits.
In the spirit similar to the previous sections we may
inquire if there exists a straightforward map between
the polynomials of m-resistant links of N rings, and m-
resistant pure states of N -qubits. Taking into account
Eqs. (29) and (30), the most immediate ansatz for a pure
m-resistantN -qubit state, denoted as |(N,m)〉, would be
|(N,m)〉 =
∑
gi∈SN−m
|Em〉gi |0 . . . 0〉BN\gi . (31)
Hence, we remove now the extra qudit in Eq. (30) and
need not perform the partial trace. The state still pos-
sesses the same symmetries as the corresponding polyno-
mial under particle permutations, so it is as least intuitive
as a candidate. This ansatz, tested up to N = 7, gives a
correct answer only for m = 0, N − 1 and N − 2. The
first failure thus occurs for N = 5 and m = 2, where no
corresponding 2–resistant pure state of 5 qubits has yet
been found. Other choices could be made for |Em〉 in
Eq. (31), for example, but as it turns out, no change in
the coefficients of Eq. (9) will provide the correct answer.
Different approaches can be used to search for m-
resistant pure qubit states. Since the states can be sym-
metric under particle permutation, one may use the stel-
lar representation of Majorana [31, 35], which provides
7an alternative intuition on the geometry of these states.
The Majorana representation of a N -qubit pure state,
fully symmetric under permutations of its i1, i2, . . . , iN
qubits, is given by
|ψ〉 = 1√
K
∑
σ∈SN
|η1〉i1 . . . |ηN 〉iN (32)
where the sum runs over all permutations σ ∈ SN of
particles indices, K is a suitable normalization constant
and
|ηj〉X = cos
(
θj
2
)
|0〉X + eiφj sin
(
θj
2
)
|1〉X . (33)
The N pairs (θj , φj) are called Majorana points and
uniquely define a point in the Bloch sphere. In this way,
one may define a fully symmetric N -qubit state by fix-
ing N points on the sphere. For this reason, the name
stellar representation is also common, as each point rep-
resents a star in the sky, while a group of stars forms a
constellation.
One of the advantages of the Majorana representation
is that it allows one to ascribe to entanglement a degree
of geometrical intuition. If one fixes all the stars at a
single point the corresponding state is separable. For in-
stance N degenerated stars on the North pole represent
the state |0 · · · 0〉. However, as the degeneracy is lifted,
any non-trivial constellation of stars corresponds to an
entangled state of N qubits. Thus, in a sense, the dis-
tance between the stars is directly related to the degree
of entanglement [35, 36], although such a criterium to
quantify entanglement is not uniquely defined.
1. N = 3
In order to investigate possible patterns, one should
start with the lowest qubit case N = 3 and look for the
simplest choices of constellations which give expected re-
sults. It is straightforward to show that the constellations
of Fig. 7 give the desired answer for all m-resistant states
of 3 qubits. The m-resistant states of N -qubits con-
structed with help of the stellar representation and Ma-
jorana points will henceforth be denoted as |(N,m)MP〉.
The constellation corresponding to m = 0 results in the
GHZ state
|(3, 0)MP〉 = 1√
2
(|000〉+ |111〉) , (34)
for which the distance between the points at the equator
is the greatest. From this perspective, the |GHZ〉 state
could be considered as the most entangled, although from
the point of view of resistance, entanglement of this 0-
resistant state is not resistant to the loss of a subsystem.
The case of m = 1 corresponds to the state
|(3, 1)MP〉 = 1√
12
(3 |000〉+ |011〉+ |101〉+ |110〉) ,
(35)
a) 0-resistant state b) 1-resistant state
Figure 7: Constellations defining m-resistant states of 3
qubits. The middle arrow serves as a reference pointing
to the North pole. The constellation in a) corresponds
to the state |GHZ〉 and is illustrated by the Borromean
link in Fig. 2, and b) is related to the link in Fig. 3.
where the weight of the |000〉 is increased with respect to
Eq. (34), as one of the stars sits at the North pole.
2. N ≥ 4
The example of N = 3 suggests that m-resistance may
be directly related to the number of stars on the North
pole, with all others evenly distributed along the equa-
tor. Indeed, for N = 4 this is in fact the case, where
pure qubit states for all m-resistant can be constructed
exactly in this manner, with the constellations depicted
in Fig. 8. The pattern is thus to place m stars at the
a) 0-resistant state b) 1-resistant state c) 2-resistant state
Figure 8: Constellations defining m-resistant states of 4
qubits. The middle arrow serves as a reference pointing
to the North pole. Constellation a) corresponds to the 4
ring Brunnian link from Fig. 4, b) to the link in Fig. 5,
and c) to the one in Fig. 6.
North pole and distribute the remaining stars evenly at
the equator, where for convention we choose the first star
at the equator with (pi2 , 0). This construction gives rise
to a family of states which, after expanding Eq. (32), can
be expressed in general as
|ψNm〉 =
1√
1 +
(
N
m
)
(√(
N
m
)
|0〉⊗N − (−1)N+m |DNm〉
)
(36)
8where we introduce the Dicke states [37]
|DNm〉 =
1√(
N
m
) ∑
j
Pj
{
|0〉⊗m |1〉⊗(N−m)
}
, (37)
with the sum going through all permutations Pj . For
N = 4, we have
|ψ4m〉 = |(4,m)〉 . (38)
The construction described above breaks down at N =
5. The first exception appears at (5, 1), where it is found
that |ψ51〉 = |(5, 2)〉. All other cases, i.e. m = 0, 2 and
3, give pure states with the desired resistance. One may
naturally inquire whether other symmetric positions of
stars may give rise to a |(5, 2)〉, other than 1 star on the
North pole and 4 stars distributed in a square at the
equator. We have tested combinations where two stars
are lifted by a general latitude, as well as four stars, and
it is possible to show that no 1-resistant state exists for
these families of states. Evidently, this does not prove
that a pure 1-resistant state of 5 qubits does not exist,
although it is tantalizing to conjecture it, given that pure
states with certain entanglement properties under partial
trace do not exist. For instance, it is known [38] that
there are no AME states for four qubits.
For N > 5 until 7, we have verified that the ansatz in
Eq. (36) fails in all situations except for m = 0, N − 2
and N − 1. It is in fact possible to show for general N
that these cases are always satisfied, i.e. that
|ψN0 〉 = |(N, 0)〉 , (39)
|ψNN−3〉 = |(N,N − 3)〉 , (40)
|ψNN−2〉 = |(N,N − 2)〉 . (41)
A proof that |ψN0 〉 is zero resistant is straightforward.
Indeed, by Eq. (36), we have
|ψN0 〉 =
1
2
(
|0〉⊗N − (−1)N |1〉⊗N
)
. (42)
This state is a generalization of the GHZ state for N
qubits, which, after any partial trace, returns a density
matrix of the form
trk
[
ρˆN0
]
=
1
2
(
|0〉 〈0|⊗(N−k) + |1〉 〈1|⊗(N−k)
)
, (43)
where trk denotes the trace over any set consisting of k
qubits. This density matrix is separable for any k > 0,
and thus the state |ψN0 〉 is 0-resistant for any N .
Regarding the state |ψNN−2〉, after simple algebraic op-
erations, one finds that anyN−2 partial traces will result
in the density matrix
trN−2
[
ρˆNN−2
]
=


α22 + (α02)
2 0 0 −α02
0 α21 α21 0
0 α21 α21 0
−α02 0 0 1

 ,
(44)
where we define αij ≡
(
N−i
j
)
. The partially transposed
matrix has one of the eigenvalues equal to
N2 + 3N − 4 (45)
which is negative for any N . Thus, by the positive par-
tial transpose (PPT) test, we confirm that each 2-qubit
reduced density matrix is always entangled, and the state
|ψNN−2〉 is (N − 2)-resistant for any N .
Finally, focusing on the state |ψNN−3〉, we perform the
partial trace over any set of N − 2 qubits and obtain
trN−2
[
ρˆNN−3
]
=


α23 + (α03)
2 0 0 0
0 α22 α22 0
0 α22 α22 0
0 0 0 α21

 . (46)
The partially transposed matrix of size four has all pos-
itive eigenvalues for N > 1. In this case the PPT test
guarantees that the resulting state is always separable.
We must then look into the reduced density matrix with
one less partial trace, in order to check if it is entangled.
Such density matrix has the form
trN−3
[
ρˆNN−3
]
=

α33 + (α03)
2 0 0 0 0 0 0 α03
0 α32 α32 0 α32 0 0 0
0 α32 α32 0 α32 0 0 0
0 0 0 α31 0 α31 α31 0
0 α32 α32 0 α32 0 0 0
0 0 0 α31 0 α31 α31 0
0 0 0 α31 0 α31 α31 0
α03 0 0 0 0 0 0 1


.
(47)
By partially transposing any qubit, we will obtain a ma-
trix which possesses an eigenvalue equal to(
13− 7N +N2 −
√
193− 202N + 79N2 − 14N3 +N4
)
(48)
which is negative for all N . PPT criterion implies that
all the subsystems are entangled. This proves that the
state |ψNN−3〉 is (N − 3)-resistant.
V. IN SEARCH FOR m-RESISTANT QUDIT
STATES
As already mentioned in Section IVB, we were not able
to establish a general construction of an m-resistant pure
state of N qubit system. Therefore, we have expanded
our search for subsystems with a larger local dimension
d ≥ 3, sometimes called qudits. We succeeded in pro-
viding formulas for a k-resistant N -qudit pure state for
N ≥ 2k.
An example of the AME state of six qubits [39] inspired
us to search for states with diagonal density matrices af-
ter tracing the appropriate number of parts. More pre-
cisely, m+ 1 parts in order to find an m-resistant state.
9Trivially such states are separable after tracing m + 1
parts. Of course, the states we are looking for must re-
main entangled after tracing out a smaller number of
parts. In order to find such states, we present a connec-
tion between a family of combinatorial designs and a fam-
ily of quantum states with required properties. In par-
ticular, we use the notion of orthogonal arrays (OA), and
the established connection [21] between quantum states
and OA.
We use the following, consistent with the hitherto, no-
tation |(N,m)d〉 for an m-resistant state of N qudits.
A. Orthogonal arrays and quantum states
Orthogonal arrays [42] are combinatorial arrange-
ments, tables with entries satisfying given orthogonal
properties. A close connection between OA and codes,
entangled states, error-correcting codes, uniform states
has been established [41]. Therefore, investigation of the
connections between OA and resistant states seems to be
a natural approach. Firstly, the concept of OA is briefly
presented; secondly, relations between OA and resistant
states are given.
An orthogonal array OA (r,N, d, k) is a table composed
by r rows, N columns with entries taken from 0, . . . , d−1
in such a way that each subset of k columns contains all
possible combination of symbols with the same amount
of repetitions. The number of such repetitions is called
the index of the OA and denoted by λ. One may observe,
that the index of OA is related to the previous coefficient
by the following formula:
λ =
r
dk
. (49)
Fig. 9 presents an example of an OA. A pure quan-
tum state consisting of r terms might be associated with
OA(r,N, d, k), simply by reading all rows of OA [21].
The state of N qudits associated with the orthogonal ar-
ray OA (r,N, d, k) will be denoted as by |φ(N,k)〉d.
B. Orthogonal arrays of index unity
The crucial quantity for our purpose, related to OA,
is its index. It preserves the following information: how
many repetitions of any sequence i1, . . . , ik there are for
each subsystem of k rows. For λ = 1, any sequence ap-
pears only once, and such an array is called index unity
array. We emphasize their remarkable role in the search
for resistant states.
Proposition 1. For any orthogonal array of index unity
OA
(
dk, N, d, k
)
, where N ≥ 2k, the relevant quantum
state |φ(N,k)〉 is k − 1-resistant. i.e
|φ(N,k)〉 = |(N, k − 1)d〉 . (50)
0 0 0 0 0
0 1 1 1 1
0 2 2 2 2
0 3 3 3 3
1 0 1 2 3
1 1 0 3 2
1 2 3 0 1
1 3 2 1 0
2 0 2 3 1
2 1 3 2 0
2 2 0 1 3
2 3 1 0 2
3 0 3 1 2
3 1 2 0 3
3 2 1 3 0
3 3 0 2 1
0 0 0 0 0
0 1 1 1 1
0 2 2 2 2
0 3 3 3 3
1 0 1 2 3
1 1 0 3 2
1 2 3 0 1
1 3 2 1 0
2 0 2 3 1
2 1 3 2 0
2 2 0 1 3
2 3 1 0 2
3 0 3 1 2
3 1 2 0 3
3 2 1 3 0
3 3 0 2 1
|(5, 1)4〉 = |00000〉
+ |01111〉
+ |02222〉
+ |03333〉
+ |10123〉
+ |11032〉
+ |12301〉
+ |13210〉
+ |20231〉
+ |21320〉
+ |22013〉
+ |23102〉
+ |30312〉
+ |31203〉
+ |32130〉
+ |33021〉
Figure 9: Orthogonal array of unity index
OA
(
42, 5, 4, 2
)
obtained from Reed-Solomon code of
length 5 over GF(4). Each subset consisting of two
columns contains all possible combination of symbols.
Here, two such subsets are highlighted. The relevant
quantum state is obtained by forming a superposition of
states corresponding to consecutive rows of the array –
see the expression on the right-hand side.
A proof of the latter statement is provided in Appendix
A. From the OA presented in Fig. 9, we obtain, for ex-
ample, the following five-ququart, 1-resistant state:
|(5, 1)4〉 = |00000〉+ |01111〉+ |02222〉+ |03333〉+
|10123〉+ |11032〉+ |12301〉+ |13210〉+
|20231〉+ |21320〉+ |22013〉+ |23102〉+
|30312〉+ |31203〉+ |32130〉+ |33021〉 . (51)
C. Existence of OAs and relevant m-resistant states
Construction of index unity OAs was provided by Bush
[40] in 1953. He used methods based on Galois fields
theory in order to obtain the following result:
Theorem 1 (Bush, 53’). If d is a prime power, i.e d =
pn for some prime number p and natural number n, then
we can construct the array OA
(
dk, d+ 1, d, k
)
.
Combining Bush’s result with Proposition 1 provides
the existence of m-resistant N -qudit states for N ≥
2(m+ 1).
Corollary 1. For any N ≥ 2(m + 1) there exists the
N -qudit state which is m-resistant. The local dimension
d is the smallest prime power larger than N − 1.
In Appendix B we present some of the m-resistant qu-
dit states. A more interested reader might easily repro-
duce more of them with the help of available OA tables
[44].
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4 5 6 7 8
0
1
2
3
4
5
6
|ψ40〉
|ψ41〉
|ψ42〉
|ψ50〉
|φ1,5〉4
|ψ52〉
|ψ53〉
|ψ60〉
|φ1,6〉5
AME
|ψ63〉
|ψ64〉
|ψ70〉
|φ1,7〉7
|φ2,7〉7
|ψ74〉
|ψ75〉
|ψ80〉
|φ1,8〉7
|φ2,8〉7
|φ3,8〉7
|ψ85〉
|ψ86〉
Nm
Table I: Search for m-resistant states of N parties at a
glance. Note that |ψ40〉 is equivalent to |GHZ4〉 state of
4 qubits. Three families: |ψN0 〉, |ψNN−3〉 and |ψNN−2〉 of
m-resistant N -qubit states discussed in Section IV are
presented on the differently shaded blue background.
Six-qubit state AME(6,2) is also signalized. Moreover,
m-resistant qudit states |φm,N 〉d constructed by virtue
of orthogonal arrays are demonstrated on the green
background. The number in subscript is relevant to the
local dimension d of a state. Observe that the local
dimension d of qudit states is usually (but not always)
equal to N − 1.
We organize all results obtained so far in table I. These
results encourage us to pose the following conjecture:
Conjecture 1. For any N and m, there exists an m-
resistant N -qudit state in some local dimension d.
VI. CONCLUDING REMARKS
Any link of N closed rings can be associated with a
polynomial of N variables. This technique, developed in
[30], allowed us to construct a class of m-resistant links
of N closed rings such that, after cutting any number m
of them, the remaining rings are connected, while cutting
any of the remaining rings separates them. Making use
of the analogy between linked rings and entangled states
[28] we provided examples ofm-resistant entangled quan-
tum states, such that their entanglement is resistant to
the loss of any set of m subsystems.
An explicit construction involving the partial trace
provides examples ofm-resistant mixed states ofN -qubit
systems. An alternative method based on stellar repre-
sentation yields m-resistant pure states, but for N ≥ 5
it does not produce all the required states for all values
of m = 0, 1, . . .N − 2. However, in some cases for which
the above method fails (e.g. N = 5 and m = 1) we
constructed m-resistant pure states of N parties with a
higher local dimension d making use of the combinatorial
notion of orthogonal arrays [41].
It is important to emphasize two defining characteris-
tics of anym-resistant quantum state. The first one is the
presence or disappearance of entanglement after partial
traces, which is equivalent to fixing which subsystems of
a quantum state are entangled, when the remaining part
of the system is ignored or cannot be measured. In other
words, it fixes which subsystems are able to successfully
perform protocols between each other. The second defin-
ing property is the symmetry under permutations of par-
ties, which brings about a notion of equality between all
subsystems.
These two characteristics of quantum resistance may
be combined into applications which require the simulta-
neous action of any given number of parties in order to
perform some concrete task. For instance, consider a dig-
ital locker belonging to a certain network of N parties,
where each person is in possession of a qubit, which is
part of a genuinely entangledN qubit state. One may de-
vise this locker such that it may only be opened through
a protocol involving at least m people. In this case, an
m-resistant state of N qubits will provide exactly this
conditions, since any m − 1 parties will always be in a
separable state that makes it impossible to form correla-
tions between them.
Finally, we leave as a final remark a list of relevant
open problems: a) check whether there exist pure states
of N qubits with the m-resistance property, for any m =
0, 1, . . .N − 2; b) if this is not the case, for each N find
the minimal local dimension d such that there exist m-
resistant states of N qudits; and c) for any class of m-
resistant states of N qubits find a state for which its
average entanglement after partial trace over any set of
m parties is the largest, if measured with respect to a
given measure of entanglement.
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Appendix A: Proof of Proposition 1
Proof of Proposition 1. In order to prove the (k − 1)-
resistance of |φ(N,k)〉 we need to show that it becomes
separable after the partial trace of any k particles; while
it remains entangled as any k − 1 particles are traced
away.
Observe that after tracing out any k particles, the den-
sity matrix becomes a diagonal matrix, hence it repre-
sents a separable state.
Checking the entanglement properties of the system
after tracing k−1 particles is a bit more tricky. We shall
show that such a system after partial transpose of one
particle will always have a negative eigenvalue. Hence by
PPT criterion, it remains entangled.
We investigate the density matrix ρa(ψ) after tracing
out first (k − 1) particles. We will show that the partial
transpose of the last particle ρTNk−1(ψ) have non-negative
eigenvalues. To clarify, we sketch an example in Fig. OA
of how the argument for the proof is developed.
0 0 0 0 0
0 1 1 1 1
0 2 2 2 2
0 3 3 3 3
1 0 1 2 3
1 1 0 3 2
1 2 3 0 1
1 3 2 1 0
2 0 2 3 1
2 1 3 2 0
2 2 0 1 3
2 3 1 0 2
3 0 3 1 2
3 1 2 0 3
3 2 1 3 0
3 3 0 2 1
ρ1(ψ) = |0000〉 〈1111|
+ |1111〉 〈0000|
+ . . .
ρ
T5
1
(ψ) = |0001〉 〈1110|
+ |1110〉 〈0001|
+ . . .
T5
tr1
Figure 10: Orthogonal array of unity index
OA
(
42, 5, 4, 2
)
. We investigate the matrix ρT51 (ψ)
obtained by tracing out the first particle and
transposing the last one. The first two rows of presented
OA differ in all positions except for the first one. They
generate the elements |0001〉 〈1110| and |1110〉 〈0001| in
ρT51 (ψ). There are no other elements in ρ
T5
1 (ψ) involving
|0001〉 , |1110〉, and 〈1110| , 〈0001|. Consequently, the
matrix ρT51 (ψ) has a negative eigenvalue. A similar
argument holds for any other choice of a traced particle,
and thus ρ1(ψ) is an entangled state.
To begin, take two rows of the OA, which have zeros
on the first (k − 1) positions. Since the OA has strength
k and is of index unity, those rows differ in all other
positions. Without loss of generality assume that they
are of the form
0 · · · 0 0 · · · 0
0 · · · 0︸ ︷︷ ︸
k−1
1 · · · 1︸ ︷︷ ︸
N−k+1
.
Consider now the density matrix ρk−1(ψ) obtained by
tracing out first (k − 1) particles, and examine the
eigenvalues of the partial transpose of the last particle
ρTlk−1(ψ). The aforementioned rows generate the follow-
ing elements in the matrix ρTlk−1(ψ):
|0 · · · 01〉 〈1 · · · 10| ,
|1 · · · 10〉 〈0 · · · 01| .
We shall show that those elements are the only ones
interlocking the bras
〈1 · · · 10| , 〈0 · · · 01|
and kets
|0 · · · 01〉 , |1 · · · 10〉 .
With this observation at hand, one can see that the ma-
trix ρTlk−1(ψ) has the block structure:
ρTlk−1(ψ) =


0 1 0 · · · 0
1 0 0 · · · 0
0 0 · · · · ·
...
...
...
...
...
...
...
0 0 · · · · ·

 ,
where we changed the order of computational basis in
such a way that the first two vectors are
|0 · · · 0〉
|1 · · · 1〉︸ ︷︷ ︸
N−k+1
.
Consequently, ρTlk−1(ψ) has at least one negative eigen-
value, namely −1.
It only remains to show the block form of the matrix
ρTlk−1(ψ). One may deduce it from the following two ob-
servations:
1. The first row in OA is the only one having zeros at
positions k, . . . , N among the first d rows. Indeed,
each of the first d rows has zeros at the first k−1 po-
sition. Since the OA is of unity index at each other
position, the elements will differ between rows;
2. There are no other rows having only zeros or only
ones at the positions k, . . . N − 1. Indeed, since we
assumed N ≥ 2k, the number of those positions
is ≥ k. The first and the second rows have zeros,
and ones, respectively, in those positions. Since the
OA is of unity index, no other row may inherit this
property.
This ends the proof.
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Appendix B: Examples of resistant states obtained
from OA
We present some of the m-resistant qudit states ob-
tained using the established connection with orthogonal
arrays. More states can be straightforwardly found with
the help of available OA tables in [44].
The state |(7, 1)7〉might be obtained form |(8, 1)7〉 sim-
ply by deleting the last qudit from each summand. The
number of summands grows rapidly as a function Nm=1.
For instance, the states |(7, 2)7〉 and |(8, 2)7〉 are super-
positions of 73 elements each; while the state |(8, 3)7〉
consists of 74 elements. The states can be quickly ob-
tained through the method demonstrated in Section VA
with the help of available OA tables in [44].
|(6, 1)5〉 = |000000〉+ |011234〉+ |022341〉+ |033412〉+
|044123〉+ |101111〉+ |112403〉+ |124032〉+
|130324〉+ |143240〉+ |202222〉+ |214310〉+
|223104〉+ |231043〉+ |240431〉+ |303333〉+
|310142〉+ |321420〉+ |334201〉+ |342014〉+
|404444〉+ |413021〉+ |420213〉+ |432130〉+
|441302〉 . (B1)
|(8, 1)7〉 = |00000000〉+ |01123456〉+ |02234561〉+ |03345612〉+ |04456123〉+ |05561234〉+ |06612345〉+
|10111111〉+ |11352064〉+ |12520643〉+ |13206435〉+ |14064352〉+ |15643520〉+ |16435206〉+
|20222222〉+ |21546301〉+ |22463015〉+ |23630154〉+ |24301546〉+ |25015463〉+ |26154630〉+
|30333333〉+ |31265140〉+ |32651402〉+ |33514026〉+ |34140265〉+ |35402651〉+ |36026514〉+
|40444444〉+ |41031625〉+ |42316250〉+ |43162503〉+ |44625031〉+ |45250316〉+ |46503162〉+
|50555555〉+ |51604213〉+ |52042136〉+ |53421360〉+ |54213604〉+ |55136042〉+ |56360421〉+
|60666666〉+ |61410532〉+ |62105324〉+ |63053241〉+ |64532410〉+ |65324105〉+ |66241053〉 . (B2)
Appendix C: m-resistant links revisited
The notion of m-resistant links is shown to be use-
ful to visualize entanglement properties of a multipartite
quantum state. Furthermore, it can be also relevant in
the context of knot theory. Even though from this per-
spective it is not common to analyze problems related to
cutting the links or neglecting them, the literature con-
tains some items on this topic [45].
We emphasize the relation between m-resistance and
n-triviality of a link diagram. Let us begin with the pre-
cise definition of an m-resistant link.
Definition 1 (m-resistant link). A connected link con-
sisting of N components is called m-resistant if:
• it remains linked as any m components are ne-
glected;
• it becomes unlinked after neglecting anym+1 com-
ponents.
The most common example of m-resistant link is the
Brunnian link, with m = 0. We recall that the Brunnian
link is a non-trivial link that becomes a set of trivial
unlinked rings if any single component is removed.
A Brunnian link consisting of N rings is by construc-
tion 0-resistant, see Fig. 4. There is a natural question,
which is whether, for any N and m < N , there exists
an m-resistant link or not. We shall show that is in fact
possible, as it should be on intuitive grounds.
Proposition 2. For any N and m = 0, 1 . . . , N − 1,
there exists an m-resistant link of N rings.
To prove this statement we use the technique of asso-
ciating rings to polynomials provided in [30]. Consider a
polynomial of N variables, Pm(x1, x2, . . . , xN ), with
(
N
m
)
different terms, each being a product of N −m variables.
If m + 1 variables are set to zero, then Pm is equal to
zero, which is taken to imply that the corresponding link
becomes disjoint after cutting m+ 1 links.
The procedure for constructing such links uses Brun-
nian braids spanned on the appropriate number of rings
as basic building blocks. In particular, constructing an
m-resistant link of N components amounts to construct-
ing a polynomial of N variables with
(
N
N−m
)
terms of
N − m variables each, and identifying each of these
terms with the appropriate Brunnian building block – see
Fig. 11. Each Brunnian building block is a pure braid,
i.e. a braid where the lines begin and end in the same
order. In addition, each Brunnian braid interlaces only
the lines corresponding to the variables appearing in the
specific term of the polynomial, with the remaining lines
present but not interlaced. In the end, all braids are put
together by connecting lines of the same color to form
a single braid, corresponding to the specific m-resistant
link obeying both conditions required in definition 1. The
order by which they are connected does not matter.
Finally, the procedure which is used to represent all
m-resistant links in this work, developed in [30], can also
be adapted in a way which is easier for 3D visualization.
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For a given m-resistant link, this procedure begins by
drawing one Brunnian link for each term of the polyno-
mial that characterizes the link and then cutting one end
of each ring. The ends of all rings of the same color are
then connected in such a way that no additional cross-
ing are performed. A particular way to systematize this
process is by building blueprints like the one described
in Fig. 12.
a) Braid representation for 3 ring Brunnian link.
b) Braid representation for 4 ring Brunnian link.
Figure 11: The braid representations for Brunnian links of 3 rings (top) and 4 rings (bottom). These braids
constitute the building blocks for (N − 4) and (N − 3)-resistant links on N rings respectively. In the braid
representation, the links are obtained by joining each end of the braids. It is interesting to note that, inside the
dashed box in b), one has the braid representation of the 3 ring Brunnian link of a).
B
DC A
Figure 12: The blue print of an octahedron corresponding to the 1-resistant link of 4 rings (see Fig. 5), classified by
the polynomial abc+ abd+ acd+ bcd, given in Eq. (16). There is one face for each term of the polynomial with a
Brunnian link of 3 rings with open edges of all rings. When the edges of the blue print are glued together, the edges
of each ring are connected according to their color, without any extra crossings.
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